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$R$ $g(\geq 0)$ $\{P_{1}, \ldots, P_{n}\}$ $R$
$n(\geq 0)$ $R$ $\{P_{1}, \ldots, P_{n}\}$
( $\mathrm{I}\mathrm{v}\mathrm{a}\mathrm{n}\mathrm{o}\mathrm{v}[\mathrm{I}\mathrm{V}\mathrm{l}]$ ) 2
congruence subgroup property ( )
2
( ) $R$ Nielsen
$R\backslash \{P_{1}, \ldots, P_{n}\}$ $\pi_{1}(g, n)$
(\S 1) $SL_{n}(\mathrm{Z})$ $\mathrm{Z}^{n}$
( ) $\pi_{1}(g, n)$ ( )
(\S 2) \S 3
\S 4 $SL_{n}(\mathrm{z})\text{ }$
\S 1
\S
Nielsen ( $\mathrm{B}\mathrm{i}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}[\mathrm{B}\mathrm{i}\mathrm{l}$ , Ch 4], [Ivl] )




$\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{o}^{+}(R, \{P_{1}, \ldots, P_{n}\})$ homotopic
$\{f|f\sim 1\}$ $(R, \{P_{1}, \ldots, P_{n}\})$ $\Gamma_{g,n}$
;
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$\Gamma_{g,n}=\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{o}^{+}(R, \{P_{1}, \ldots, P_{n}\})/\{f|f\sim 1\}$ .
$\Gamma_{g,n}$ Teichm\"uller ,n
$n$ 9 moduli
( Teichm\"uller modular )
$(g, n)=(1,0)$ $T_{1,0}=H$ ( ) $\Gamma_{1,0\simeq}SL_{2}(\mathrm{Z})$
$SL_{2}(\mathrm{Z})$ $H$ 1
$R\backslash \{P_{1}, \ldots, P_{n}\}$ $\pi_{1}(g, n)$ $\mathrm{A}\mathrm{u}\mathrm{t}(\pi 1(g, n)),$ $\mathrm{I}\mathrm{n}\mathrm{t}(\pi_{1}(g, n)),$ $\mathrm{O}_{\mathfrak{U}\mathrm{t}}(\pi_{1}(g, n))$
$\pi_{1}(g, n)$ $(\mathrm{o}_{\mathrm{u}\mathrm{t}}(\pi_{1}(\mathit{9}, n))=$
$\mathrm{A}\mathrm{u}\mathrm{t}(\pi_{1}(\mathit{9}, n))/\mathrm{I}\mathrm{n}\mathrm{t}(\pi_{!(\mathit{9}}, n)))$ $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{o}^{+}(R, \{P_{1}, \ldots, P_{n}\})$ $\pi_{1}(g, n)$
$\Gamma_{g,n}$ $\pi_{1}(g, n)$
;
$\Gamma_{g,n}arrow \mathrm{O}\mathrm{u}\mathrm{t}(\pi_{1}(g, n))$ (1.1)
( $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{o}^{+}(R, \{P_{1}, \ldots, P_{n}\})$
)
$\mathrm{O}\mathrm{u}\mathrm{G}^{*}(\pi_{1}(g, n))=$ { $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\pi_{1}(g,$ $n))|\sigma$ (i), (ii) } $/\mathrm{I}\mathrm{n}\mathrm{t}(\pi_{1}(\mathit{9}, n))$
(i) $\sigma(_{\sim j}\sim)\sim z_{j}(1\leq j\leq n)$
(ii) ” orientation preserving ”
$z_{j}$
$P_{j}$ ( ) 1
$\pi_{1}(g, n)$ $\sim$ (i) $\Gamma_{g,n}$ $R$ 1
$H_{1}(R, \mathrm{Z})$ intersection form
$H_{1}(R, \mathrm{Z})\cross H_{1}(R, \mathrm{Z})arrow H_{2}(R, \mathrm{Z})=\mathrm{Z}$
compatible (ii) $\Gamma_{g,n}$ $H_{2}(R, \mathrm{Z})$





$\Gamma(N)=\{A\in SL_{n}(\mathrm{Z})|A\equiv 1_{n}\mathrm{m}\mathrm{o}\mathrm{d} N\}$








$\Gamma_{g,n}$ If $\pi_{1}(g, n)$
$\Gamma_{g,n}$ $\pi_{1}(g;n)/I1^{r}$
$\Gamma_{g,n}arrow \mathrm{O}\mathrm{u}\mathrm{t}(\pi_{1}(\mathit{9})n)/I\zeta)$





$g=0,$ $n\leq 3$ $\Gamma_{g,n}$




(3-1) $(g, n)=(0,4)$ $\overline{\mathrm{Q}}$ ( $\mathrm{Q}$ )
1 $k=\overline{\mathrm{Q}}(\lambda)$ $\Omega$ $k$ $\lambda=0,1,$ $\infty$




. $t=0,1,$ $\infty,$ $\lambda$
– ( $\Omega$ $M_{\Omega}\overline{\Omega}$
( 1 ) )
$k(d)\subset\Omega(t)\subset M_{\Omega}$








$X$ $=\mathrm{P}_{\mathrm{C}}^{1}\backslash \{0,1, \infty\}$
$Y=X\cross X\backslash \triangle$ ( $\triangle$ : diagonal)
$Yarrow X$ $Y$ $X$ fiber space $X$ $\lambda_{0}$
fiber $\mathrm{P}_{\mathrm{C}}^{1}\backslash \{0,1, \infty, \lambda_{0}\}$ $X,$ $Y$ fiber homotopy
$1arrow\pi_{1}(\mathrm{p}^{1}\mathrm{C}\backslash \{\mathrm{o}, 1, \infty, \lambda 0\})arrow\pi_{1}(Y)arrow\pi_{1}(X)arrow 1$ (3.2)




$X,$ $Y$ 4 5 $0$ moduli
$Yarrow X$ 1 $\pi_{1}(X)\simeq\Gamma_{0},4$
\S 1 $p_{0,4}^{N}$
$G$ profinite completion $\hat{G}$ (3.2)
$1arrow\hat{\pi}_{1}(\mathrm{P}_{\mathrm{C}}^{1}\backslash \{0,1, \infty, \lambda 0\})arrow\hat{\pi}_{1}(Y)arrow\hat{\pi}_{1}(X)arrow 1$ $(3.2)^{*}$
( $\hat{\pi}_{1}(\mathrm{P}_{\mathrm{C}}1\backslash \{0,1, \infty, \lambda 0\})$ $(\mathrm{A}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{o}\mathrm{n}[\mathrm{A}\mathrm{n}]$





(3-2) \rho o,4 (3.4) $\mathrm{O}\mathrm{u}\mathrm{t}^{*}(\hat{\pi}_{1}(0,4))$







(3-3) $(g, n)$ $p0,4$
( $\mathrm{O}\mathrm{d}\mathrm{a}[01,02]$ ) $\mathrm{A}4_{g,n}/\mathrm{Q}$ $n$ moduli stack
forgetful morphism $\Lambda 4_{\mathit{9}^{n}+},1arrow\lambda 4_{g,n}$ $\mathcal{M}_{g,n}$ geometric point $\mu$ fiber




$(g, n)=(0,4)$ $(3.2)^{*}$ ) $\pi_{1}^{alg}(\mathcal{M}_{\mathit{9}},n/\mathrm{Q})$
$\varphi_{g,n}$ : $\pi_{1}a\iota_{g}(\mathcal{M}n/g,\mathrm{Q})arrow \mathrm{O}\mathrm{u}\mathrm{t}(\pi_{1}atg(C_{\mu}))$
monodromy








$\rho g,n:\pi_{1}(alg\mathcal{M}g,n\cross \mathrm{Q}\overline{\mathrm{Q}})arrow \mathrm{o}_{\mathrm{u}}\mathrm{t}(\pi_{1}^{a}(l_{\mathit{9}}C)\mu)$
$p_{g,n}^{N}$
$\ovalbox{\tt\small REJECT}_{\mathrm{n}},arrow \mathrm{O}\mathrm{u}\mathrm{t}(\hat{\pi}_{1}(g, n))$
– $(g, n)$ $P^{g},n$ $\Gamma_{g,n}$






$SL_{n}(\mathbb{Z})$ $(n\geq 3)$ $\Gamma_{g}=\Gamma_{g,0}$ . $(g\geq 2)$
$GL_{n}(\mathbb{Z})$ $(\simeq$
$Aut(F_{r}/[F_{r}, F_{r}]))$ $Aut(F_{r}),$ $Aut(Mr)$
$r\geq 2$ $M_{r}$ $r$ $(r\geq$
$2,$ $r\neq 3)$ [ $[F_{r}, F_{r}\mathrm{I}, [F_{r}, F_{r}]]$
$F_{r}/[[F_{T}, F]r’[F_{r},.F_{r}]]$ ( $Aut(M_{3})$
Out$(Aut(M_{3}))$ )




(1) Out $(SL(n)\mathbb{Z})$ $\mathrm{A}.\mathrm{B}_{\mathrm{o}\mathrm{r}\mathrm{e}}1[\mathrm{B}\mathrm{o}]$ $(\mathrm{A}.\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}1[\mathrm{B}_{0}]$
–
Out$(SLn(\mathbb{Z}))$ ) H.Bass-J Milnor-J .P.Serre
[BMS] rigidity $SL_{n}(\mathbb{Z})$
congruence subgroup property $\text{ }$ $\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{i}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{y}_{\backslash }$
(t) rigid
$|J\text{ _{ } _{ }}$ $\text{ }\yen\Gamma$ (
) )















” $SL_{n}(\mathbb{Z})^{L_{arrow}}sL_{n}(\mathbb{Z}\ell)arrow SL_{n}\phi(\mathbb{Z}_{\ell})$ ”
’ ” $SL$ $(\mathbb{Z})$
$l$ $|J$ $\phi$ $P$
$SL_{n}$ $\phi \text{ }\mathbb{Q}_{l}$
$\phi$ $\mathbb{Q}$
$\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{i}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{y}_{\text{ }}$ $\sigma$ $\phi$ ’ ’ $\sigma$ $\phi$




Out $(\Gamma_{g})--\mathbb{Z}/2\mathbb{Z}\oplus \mathbb{Z}/2\mathbb{Z}$ $(g=2)$
Out $(\Gamma_{\mathit{9}})=\mathbb{Z}/2\mathbb{Z}$ $(g\geq 3)$
$g\geq 3$ 2 $\Gamma_{\mathit{9}}^{*}$ $\Gamma_{g}$
$\Gamma_{g}^{*}$ $\Gamma_{g}$













$Aut(Aut(F_{r}))$ $F_{r}$ $A4ut(F_{r})arrow Aut(Aut(F_{r}))$
$F_{r}\subset Aut(Fr)$
$Aut(.F_{r}.)arrow A_{ut(F_{r}}/[F_{r}, Fr])\simeq GL_{r}(\mathbb{Z})$







$M_{r}^{ab}=M_{r}/[M_{r}, M_{r}]\simeq \mathbb{Z}^{\oplus r}$ $\mathbb{Z}$ $\mathbb{Z}[\mathbb{J}I_{r}^{ab}]\simeq \mathbb{Z}[x_{1}^{\pm 1}, \cdots, x_{r}^{\pm 1}]$





$K_{\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{a}}=\mathrm{k}\mathrm{e}\mathrm{r}(Aut(Mr)arrow Aut(\mathrm{A}I_{r}^{ab}))$ $K_{\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{a}}$ $[M_{r}, M_{r}](\subset M_{r})$
$\mathbb{Z}[M_{r}^{ab}]$ $[\mathbb{J}l_{r’ r}M]$
$[M_{r}, M_{r}]\text{ }I\mathrm{t}^{r}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{a}$ ( $\mathbb{Z}[M_{r}^{ab}]$ ) $\mathbb{Z}[M_{r}^{ab}]\oplus r_{\text{ }}$ $GL_{r}(\mathbb{Z}[M_{r}ab])$
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